The Maximum Balanced Biclique Problem is a well-known graph model with relevant applications in diverse domains. This paper introduces a novel algorithm, which combines an effective constraint-based tabu search procedure and two dedicated graph reduction techniques. We verify the effectiveness of the algorithm on 30 classical random benchmark graphs and 25 very large real-life sparse graphs from the popular Koblenz Network Collection (KONECT). The results show that the algorithm improves the best-known results (new lower bounds) for 10 classical benchmarks and obtains the optimal solutions for 14 KONECT instances.
Introduction
Given a bipartite graph G = (U, V, E) with two disjoint vertex sets U , V and an edge set E ⊆ U × V , a biclique (X, Y ) = X ∪ Y is the union of two subsets of vertices X ⊆ U , Y ⊆ V such that u ∈ X, v ∈ Y implies that {u, v} ∈ E. In other words, the subgraph induced by the set of vertices X ∪ Y is a complete bipartite graph. If |X| = |Y |, then (X, Y ) is called a balanced biclique. The Maximum Balanced Biclique Problem (MBBP) is to find a balanced biclique (X * , Y * ) of maximum cardinality of G, (X * , Y * ) being the maximum balanced biclique of size |X * | (or |Y * |) (Garey & Johnson, 1979) . As shown in (Dawande et al., 2001) , by following a well-known integer linear programming model of the more general maximum vertex weight biclique problem, MBBP can be formulated as a binary linear program as follows.
(1) subject to:
x j = 0 (3)
where each vertex of U ∪ V is associated to a binary variable x i indicating whether the vertex is part of the biclique,Ē is the set of edges in the bipartite complement of G. Objective (1) maximizes the size of the biclique. Constraint (2) ensures that each pair of non-adjacent vertices cannot be selected at the same time (i.e., the solution must be a clique). Equation (3) enforces that the returned biclique is balanced.
In terms of computational complexity, the decision version of MBBP is NPcomplete in the general case (Garey & Johnson, 1979; Alon et al., 1994) , even though the maximum biclique problem without the balance constraint (Eq. (3)) is polynomially solvable by the maximum matching algorithm (Cheng and Church, 2000) .
MBBP is a prominent model with many applications. For example, in nanoelectronic system design, MBBP is used to identify the maximum defect-free crossbar from a partially fabricated defective crossbar represented by a bipartite graph (Tahoori, 2006; Yamani et al., 2007) . In computational biology, MBBP is applied to simultaneously group genes and their expressions under different conditions (called biclustering) (Cheng and Church, 2000) . Another application can be found in the field of VLSI for PLA-folding (Ravi & Lloyd, 1988) . Generally, the clique and biclique models are also popular tools for winner determination in combinatorial auctions (Wu & Hao, 2015a) , tail dependence structure analysis of the foreign exchange market (Wang & Xie, 2016) , co-location feature pattern mining in space (Yan et al., 2015) .
Given the significance of MBBP as a NP-hard problem and its relevance in practice, a number of methods, including approximate, exact and heuristic algorithms have been proposed and investigated in the literature. For example, in (Feige & Kogan, 2004) , the relations between the approximate hardness of MBBP and 3-SAT as well as the maximum clique problem were established. In (Mubayi & G. Turán, 2010) , despite the NP-hardness of MBBP, a polynomial algorithm was given to find a balanced biclique with size ⌊ ln n ln (2en 2 /m) ⌋ (the cardinality of |X| or |Y |) for a graph with n vertices and m edges. In (Tahoori, 2006) , a recursive exact algorithm for searching a maximum balanced biclique with a given size was proposed. However, the computational time of this algorithm becomes prohibitive when the number of vertices of the graph exceeds (32, 32) . In (McCreesh & McCreesh, 2014) , another exact approach for MBBP for general (non-bipartite) graphs was studied. This algorithm follows the classical branch and bound framework for the popular maximum clique problem (Wu & Hao, 2015b) with additional symmetry breaking techniques.
To cope with the computational challenge of MBBP, heuristic methods constitute an interesting approach. These methods aim to obtain satisfactory solutions in an acceptable time frame without guaranteeing the optimality of the attained solutions. From an algorithmic point of view, rather than directly seeking the maximum balanced biclique in the given graph, the majority of existing heuristic algorithms solved the equivalent maximum balanced independent set problem for the bipartite complement. For example, Tahoori (2006) proposed a greedy heuristic algorithm based on vertex-deletion, which iteratively removes vertices with maximum degree from the bipartite complement until the set of remaining vertices forms an independent set (i.e., a set of vertices such that no edge exists between any pair of vertices in the graph). Yamani et al. (2007) presented an improved greedy heuristic, in which the vertex connecting the maximum number of vertices of minimum degree is removed. Yuan & Li (2011) introduced another greedy heuristic algorithm, which iteratively deletes vertices adjacent to the maximum number of vertices in a restricted set. Then Yuan & Li (2014) accelerated this algorithm by removing multiple vertices at each iteration. Recently, Yuan et al. (2015) proposed a powerful (and rather complex) evolutionary algorithm combining structure mutation and repair-assisted restart. The computational results showed that this algorithm performed very well on random dense graphs, which represent one type of the most challenging instances for MBBP. We will use this algorithm as one of the main references for our comparative studies.
On the other hand, graphs from real-life applications like social networks and biological networks are usually very large with millions even billions of vertices, rendering most existing approaches unpractical. In this study, we aim to fill the gap by developing improved methods for MBBP, which should be able to handle both random dense graphs and very large real-life networks. Based on an analysis of the studied problem and existing algorithms (Section 3.1), we introduce a new and effective algorithm named tabu search with graph reduction for MBBP (TSGR-MBBP), which combines an original Constraint-Based Tabu Search (CBTS) and two dedicated graph reduction techniques. We identify the main contributions of this study as follows.
1. From an algorithmic perspective, the proposed TSGR-MBBP algorithm seeks maximum balanced bicliques directly on the given graph. Compared to the existing approaches which search for balanced independent sets on the complement, operating on the given graph has an advantage of requiring less memory for large sparse graphs. More importantly, TSGR-MBBP employs the Constraint-Balanced Tabu Search algorithm to effectively explore the search space (Section 3.4) and two bound-based dedicated reduction techniques to shrink progressively the given graph (Sections 3.5 and 3.6). This is the first study combining local optimization and graph reduction within the iterated search framework for MBBP.
2. We demonstrate the effectiveness of the proposed algorithm on two sets of 55 MBBP benchmark instances (Section 4). For the set of 30 random challenging instances, the algorithm dominates state-of-the-art algorithms including the current best-performing algorithm presented in (Yuan et al., 2015) and the powerful mixed integer programming solver CPLEX. The algorithm also obtains 10 improved best solutions (i.e., new lower bounds) and matches the best-known results for the remaining 20 instances. For the 25 very large real-life instances from the well-known Koblenz Network Collection, the algorithm proves, for the first time, the optimal solutions for 14 instances (by obtaining the same upper and lower bounds) and obtains tight lower bounds (better than those of CPLEX) for the remaining instances. We also show an analysis of key components (CBTS and the reduction methods) to get insight of their usefulness (Section 5).
The remainder of the paper is organized as follows. Section 2 provides some useful notations. Section 3 introduces the proposed algorithm. Computational results on benchmark instances are presented in Section 4. Section 5 shows an analysis of the key components of the proposed algorithm, followed by conclusions in the final section.
Preliminary definitions
Let G = (U, V, E) be a bipartite graph, we introduce the following notations and definitions which are needed for the description of the proposed approach.
-Given a vertex v ∈ U ∪ V , N (v) denotes the set of vertices adjacent to
-Given S ⊆ U ∪ V , N (S) denotes the subset of vertices from (U ∪ V ) \ S that are adjacent to at least one vertex in S, i.e., N (S) = ( i∈S N (i)) \ S.
-Given a biclique (X, Y ), the balanced size of (X, Y ) is min(|X|, |Y |), and the balance deviation is ||X| − |Y ||. If the balance deviation is 0, (X, Y ) is a balanced biclique of size |X| (or |Y |). Figure 1 illustrates the above definitions with a bipartie graph composed of 8 vertices and 13 edges.
Let Ω(G) denote the search space composed of all balanced bicliques in G, Ω k be the relaxed search space including all bicliques with a balance deviation no more than k (k ≥ 0), i.e., Ω k = {(X, Y ) : X ⊆ U, Y ⊆ V, E(X, Y ) = X × Y, ||X| − |Y || ≤ k}, then, as explained in the next section, our algorithm explores bicliques in the (slightly) relaxed search space Ω 2 (i.e., with a balance
is a biclique of balanced size 2. The balance deviation of (X, Y ) is 1.
deviation limited to 2) rather than the search space of strictly balanced bicliques Ω(G) (i.e., Ω 0 ). Finally, the quality of a biclique (X, Y ) in Ω k is measured by its balanced size min(|X|, |Y |). Given two bicliques (X 1 , Y 1 ) and (
Tabu search with graph reduction
This section introduces our proposed TSGR-MBBP algorithm for solving the maximum balanced biclique problem. TSGR-MBBP is based on the wellknown tabu search metaheuristic (Glover & Laguna, 1997) , which is specifically adapted to the MBBP problem. Indeed, tabu search being a general method, it is critical to find a suitable adaptation of the method to the considered problem (e.g., (Díaz et al., 2017; Elhedhli et al., 2014; Ma et al., 2017) ). For our MBBP problem, we proposed the constraint-based tabu search (Section 3.4), which is able to effectively explore the search space of slightly unbalanced bi-cliques. In order to help tabu search to avoid non-promising search regions, we introduce two bound-based graph reduction techniques to shrink progressively the given graph (Sections 3.5 and 3.6).
Rationale of the proposed approach
Many real-life networks have millions or even billions of vertices with a very low edge density. Existing approaches for solving MBBP rely heavily on the complement and the adjacent matrix representation. Unfortunately, the complement of such a massive graph usually results in very high memory consumption, making most of existing MBBP approaches unpractical. To avoid this difficulty, the proposed algorithm operates directly on the given graph, implying that much less memory is required for processing very large real-life sparse networks. From an algorithmic perspective, our algorithm iteratively seeks improved solutions by local search combined with graph reduction strategies. Specifically, the algorithm starts from an initial solution (a slightly relaxed balanced biclique) and uses move operators to improve the solution iteratively. However, we still need to answer a crucial question: how to improve the solution effectively while maintaining the two main constraints of a solution (balanced and biclique)?
Intuitively, local search operators that are successful for the maximum clique problem (Wu & Hao, 2015b) can be applied to MBBP, such as "add" (adding a vertex to the solution), "swap" (exchanging a vertex in the solution with another vertex out of the solution) or still "drop" (dropping a vertex from the solution). However, given a balanced biclique, an application of any of these operators results in an unbalanced biclique. To cope with this difficulty, we propose to (slightly) relax the balance requirement of the solution and allow the algorithm to explore both balanced and slightly unbalanced bicliques. For this purpose, we adopt the generalized "push" operator initially designed for the maximum vertex weight clique problem (Zhou et al., 2017) to explore solutions within the relaxed search space Ω 2 rather than Ω 0 . Another key idea we used is graph reduction. Given a bipartite graph G and a known best balanced size ω (a lower bound), it is clear that to further improve ω, it is useless to consider any vertex whose degree is smaller than or equal to ω since such a vertex can in no way extend the best solution found so far. Consequently, these vertices (with a degree smaller than or equal to ω) along with the incident edges can be safely removed from the graph. Our algorithm integrates this idea to dynamically prune the graph under consideration, which proves to be highly effective on massive sparse graphs.
Finally, applying the pruning techniques can disconnect the original graph into several connected subgraphs. This observation can be explored advantageously to further prune the graph in combination with an exact algorithm. Indeed, if a subgraph is small enough such that an exact algorithm can identify the maximum balanced biclique quickly, then the subgraph can be definitively removed since the subproblem (associated to the subgraph) is optimally solved. Moreover, the optimal solution of this subgraph can also be used to update the current best balanced biclique (and the lower bound bound), which can lead to additional reduction of the graph.
General procedure
Based on the rationale presented in Section 3.1, we introduce Tabu Search with Graph Reduction for MBBP (TSGR-MBBP) (Algorithm 1). TSGR-MBBP is an iterated two phase algorithm and includes two main components: the Constraint-Based Tabu Search (CBTS) procedure and the graph reducing procedure. The CBTS procedure is used to find high quality bicliques in the relaxed search space Ω 2 , while the graph reducing procedure aims to shrink progressively the current graph without losing optimal solutions.
After setting the best biclique (X b , Y b ) to (∅, ∅) and the best balanced size ω to 0 (lines 2 and 3), the algorithm repeats the main 'while' loop (lines 4-20) until a stopping condition is met. For each 'while' loop, an initial biclique, which is not necessarily balanced, is first generated by Random Init Solution() (line 5, see Section 3.3), and then further improved by the CBTS procedure (Constraint Tabu Improve(), line 6, see Section 3.4). If the resulting biclique has a balanced size larger than the current best balanced size ω, the best biclique (X b , Y b ) and the best balanced size are updated (lines 7-9).
Algorithm 1: Main framework of TSGR-MBBP Input: Graph instance G = (U, V, E), tabu search depth L, cardinality threshold K for graph reduction with exact algorithm, tabu tenure parameter α. Output: The maximum balanced biclique. begin 
// Graph reduction procedure using improved balanced size ω
Now, if the current best balanced size is greater than or equal to the degree of any vertex in the current graph, the graph reduction procedure is activated (lines 10-18). This procedure includes two phases: first, reducing the current graph by the P eel procedure to remove fruitless vertices and their incident edges (line 11, see Section 3.5); second, determining the maximum balanced size of each connected subgraphs with up to K (a predefined parameter) vertices by a branch-and-bound (B&B) exact algorithm (Exact Search(), line 14, see Section 3.6) and then deleting these subgraphs from the current graph (line 18). The optimal solution found by exact search can also be used to update the current best solution found so far (lines 15-17). Finally, though TSGR-MBBP is a heuristic algorithm, thanks to the graph reduction procedure, ω is proven to be the optimal balanced size when the cardinality of any partition (|U | or |V |, which is a upper bound of the maximum biclique) in the current graph is no more than ω (which is a lower bound) (lines 19-20) .
As explained in Section 2, the proposed algorithm operates on the relaxed biclique space Ω 2 . As a result, the current solution (X, Y ) and the best biclique found so far (X b , Y b ) are not necessarily balanced with nevertheless a balance deviation limited to 2. Actually, the three procedures: Random Init Solution(), Constraint Tabu Improve() and Exact Search() generate or return a biclique with a balance deviation no more than 2. The procedure of retrieving a strict balanced biclique of size ω from an unbalanced biclique is accomplished by Make Balance(). This procedure simply removes vertices from the larger set X b or Y b until a balanced biclique of size ω is obtained. Obviously, no more than 2 vertices will be removed by Make Balance().
Construct random initial solutions
The Random Init Solution() procedure is invoked to initialize each restart of TSGR-MBBP with a new biclique. This procedure starts from a trivial solution formed by a random vertex from U ∪ V , say (X, Y ) = ({1}, ∅) (without loss of generality). Then, it iteratively expands the current solution by alternatively adding one vertex v to the set X or Y , v being necessarily connected to all vertices of the other set. Specifically, in the first iteration, a vertex is selected randomly from the candidate set ∩ i∈X N (i) \ Y . Then, in the next iteration, we switch to the candidate set ∩ i∈Y N (i) \ X. The procedure continues until the current candidate set becomes empty. The time complexity of this procedure is bounded by O(|U ∪ V | × |E|).
Consider Figure 1 as an example and suppose that we start from solution (X, Y ) = ({1}, ∅), the algorithm expands the solution by selecting an arbitrary vertex from N (1) \ ∅ = {5, 6, 8} (say 5) in the first iteration. In the second iteration, the algorithm expands Y by adding a vertex from N (5) \ {1} = {2, 3, 4}. Suppose that the algorithm goes on likewise to achieve a solution (X, Y ) = ({1, 2, 3}, {5, 6}) after four iterations. Then in the fifth iteration, we try to expand Y by adding a vertex from the candidate set ∩ i∈N (X) \ Y . However, since this candidate becomes empty, the Random Init Solution() procedure stops and returns (X, Y ) = ({1, 2, 3}, {5, 6}) as its output.
The biclique (X, Y ) returned by this procedure may not be strictly balanced, but the balance deviation can never exceed 1. This biclique is served as the starting solution for the tabu search procedure which is explained below.
Constraint-Based Tabu Search
The CBTS procedure (Algorithm 2) is the main search component of the proposed algorithm. CBTS iteratively transforms the current solution (biclique) to a neighbor solution while respecting the unbalance limit of 2. The parameter L (a positive integer) is called tabu search depth, which defines the total number of iterations of tabu search. The other parameter, α ∈ R + ∪ {0}, is a coefficient of tabu tenure (see Section 3.4.2). In each iteration, CBTS applies the "push" operator (lines 5-14, see Section 3.4.1), which either adds a vertex to the current solution or swaps a vertex of the biclique against a vertex outside of the biclique. Whenever the balance deviation exceeds 2 after an application of "push", a repairing procedure is followed to recover the balance of the current biclique (lines 15-23, see Section 3.4.2). The repairing procedure simply drops vertices from the larger partition of the biclique until the cardinality of both partitions becomes equal. CBTS terminates after L such "push" and "repair" iterations.
The push operator
The "push" operator was first proposed for the maximum weight clique problem in (Zhou et al., 2017) where each application of "push" adds a vertex (taken from a candidate set) in the clique and expels p ≥ 0 vertices from the clique to maintain the feasibility of the transformed clique. In the context of MBBP, given a biclique (X, Y ) with X ⊆ U and Y ⊆ V , and without loss of generality, suppose that a vertex v ∈ N (Y ) \ X (i.e., N (Y ) \ X is the candidate set for "push") is chosen. The "push" operator adds vertex v to X and expels from Y the vertices that are not adjacent to v. Let (X ′ , Y ′ ) denotes the new biclique after the "push" operation, then we represent this transformation by 
Algorithm 2: Constraint-Based Tabu Search 
12 // Set tabu tenure for each vertex expelled by push. 
Explore the neighbor solutions
The general "push" operator applied to MBBP can add an arbitrary vertex from the candidate set N (X ∪ Y ) into one set X or Y , and then expel p ≥ 0 vertices from the other set. However, for the reason of computational efficiency, only a subset of N (X ∪ Y ) is considered for each "push" operation. Specifically, we add restrictions on the candidate vertices for the "push" operation so that it adds one vertex to the current solution and at the same time, no more than one vertex from the current solution will be expelled. These restrictions lead exactly to the two cases that were introduced at the end of Section 3.4.1. In Algorithm 2, set C (line 5) includes the restricted candidate vertices for "push". Every vertex in C is adjacent to all the vertices of X (or Y ), or all but one vertex of X (or Y ).
Moreover, C expand is a subset of C such that applying "push" to any vertex (say v) of this subset always results in a solution of better quality (i.e., δ v > 0). Similarly, C plateau ⊆ C includes the vertices that can be exchanged by "push" to obtain solutions of equal quality (i.e., δ v = 0).
To prevent CBTS from revisiting recently examined solutions, a tabu list (Glover & Laguna, 1997 ) is considered when we construct C expand and C plateau from candidate set C: a vertex which is marked tabu in the current iteration will not be included in C expand or C plateau unless pushing the vertex into the solution leads to a solution better than the best solution ever found (this is called aspiration rule in tabu search terminology). To sum up, let (X, Y ) and (X * , Y * ) be respectively the current solution and the best solution found so far during the current CBTS run, I the current iteration number, T [v] the tabu tenure of vertex v (see below), then the restricted candidate set C, and sets C expand , C plateau are defined as follows.
where T [v] ≤ I indicates that vertex v is no more forbidden by the tabu list for the current iteration and can take part in a future "push" operation.
Given the subsets C expand , C plateau as two alternative candidate sets for "push", CBTS gives priority to C expand since pushing vertices of this set always improves the current biclique. Only when C expand is empty, set C plateau is explored by the "push" operator (lines 6-14). After each "push" application with C plateau , the vertex expelled by "push" (u in line 13) is marked tabu for the following tt(α, |A|) (A = X if u ∈ X, otherwise A = Y ) consecutive iterations. According to (Zhou et al., 2017) , tt(α, l) (called tabu tenure) is defined by the function: tt(α, l) = max(7, α * random(l)) where α ∈ R + ∪ {0} is a predefined parameter and random(l) returns a random integer in [0, l].
Recover biclique balance
Recall that with the restrictions on candidate vertices, the number of vertices expelled by "push" in each iteration is either zero or one. As a result, if the balance deviation of the current biclique is greater than 2 (i.e., ||X| − |Y || > 2), it is impossible to make the biclique strictly balanced with one application of the "push" operator. Consequently, each time the balance deviation of the solution exceeds 2, we restore the balance property by applying a repair procedure (lines 15-23). This repair procedure simply drops vertices from the larger set (X or Y ) of the biclique until the solution becomes strictly balanced (denoted as (X, Y ) ← (X, Y ) ⊕ drop(u) at lines 18 and 22). Again, each dropped vertex u is forbidden to rejoin the solution during the period fixed by its tabu tenure (tt(α, |X|) if u ∈ U , tt(α, |Y |) if u ∈ V ). In general, CBTS utilizes the "push" operator to explore the space Ω 2 rather than Ω 0 by constraining the balance deviation of the visited solutions. In Section 5.1, we further investigate the effectiveness of this strategy.
Time complexity
CBTS operates directly on the input graph and uses the adjacent list representation to store the graph. Given a solution (X, Y ), by our implementation, the time complexity of constructing C expand and C plateau is bounded by 
Reduction by the P eel procedure
Our TSGR-MBBP algorithm employs the P eel(G, w) procedure (Algorithm 1, line 11) to recursively delete all vertices whose degrees are smaller than or equal to ω until no such vertex exists. Obviously, if the cardinality of one vertex set of the reduced bipartite graph (which is a upper bound of the maximum biclique) is less than or equal to ω (which is a lower bound), then ω must be the optimal objective value because no better solution can exist in the reduced graph (Algorithm 1, .
The peeling procedure is triggered each time the balanced size of the largest biclique discovered so far (lower bound) is larger than or equal to the minimum degree of the current graph. This procedure is effective on large sparse graphs but may not reduce a dense graph much. The experiments reported in Section 4 confirm that, with a high quality lower bound, large real-life bipartite graphs can be significantly reduced.
We note that the idea of reducing a graph by removing unpromising vertices was previously used in a GRASP heuristic for detecting dense subgraphs (quasi-cliques) in massive sparse graphs (Abello et al., 2002) . We adapted this technique for solving MBBP for the first time.
Reduction by exact search
Exact search algorithms guarantee the optimality of the solution found, but may require prohibitive computing time on large instances. However, since exact search algorithms are able to prove optimality on small graphs rapidly, they can still be used as a basis for graph reduction. In Algorithm 1 (lines 12-18) , we show such an approach of using exact search for MBBP. If a solution has been confirmed to be optimal for a subgraph of the current graph, this subgraph can be safely eliminated from the current graph. Moreover, since the optimal value of the subgraph is a lower bound of the initial graph, we can use the optimal solution of the subgraph to update the current best balanced biclique, which in turn can further reduce the current graph. The exact algorithm used by TSGR-MBBP was adapted from a well-known B&B algorithm for the maximum clique problem (Carraghan & Pardalos, 1990) and described in Appendix Appendix A. This exact algorithm is only applied to solve a subgraph with K vertices at most (K being the largest subgraph that is estimated to be solved in reasonable time by the algorithm). It is clear that K depends on the adopted exact algorithm and target subgraph. According to our experiments, we set K to 100 for random dense graphs and 500 for sparse real-life networks.
Computational assessment
To comprehensively evaluate the proposed TSGR-MBBP algorithm as well as its components, we tested our algorithm on two sets of benchmark instances including both (dense) random graphs and massive real-life networks.
Benchmark
• Random Graphs: This set of benchmark instances includes 30 randomly generated dense graphs. In each graph, the two vertex sets U and V have an equal cardinality (i.e., |U | = |V |) and an edge between a pair of vertices (u, v) ∈ U × V exists with uniform probability p (0 < p < 1) which defines the edge density of the graph. For our study, we used random graphs generated by the same rule of (Yuan et al., 2015) so that the performances of different algorithms can be compared. For each combination of n ∈ {250, 500} and p ∈ {0.85, 0.90, 0.95} (n = |U | = |V |), 5 instances were generated (30 in total). These instances are thus very dense and named as "G <n> <p> <id>" where id ∈ {1, 2, 3, 4, 5}. A theoretical analysis in (Dawande et al., 2001) showed that the maximum balanced size ω in random graphs locates in range [ ln n ln(1/p) , 2 * ln n ln(1/p) ] with high probability (when n is sufficiently large).
• The Koblenz Network Collection (KONECT) (Kunegis, 2013) : The entire collection contains hundreds of networks derived from different real-life applications, including social networks, hyperlink networks, authorship networks, physical networks, interaction networks and communication networks. Though KONECT dataset was originally designed for network analysis, these large bipartite networks are also suitable for testing TSGR-MBBP. We used 25 bipartite graphs varying from smaller ones (829 + 551 vertices and 1476 edges) to very large ones (1,425,813 + 4,000,150 vertices and 8,649,016 edges). Irrelevant graph information for MBBP like multiple edges, vertex or edge weight in some graphs is ignored.
Parameter tuning and experimental protocol
The TSGR-MBBP algorithm has three parameters: L -the tabu search depth; α -the coefficient for tabu tenure required by the Constraint Tabu Improve() procedure (Section 3.4); K -the threshold on the number of vertices of the subgraph for graph reduction with the exact algorithm (Section 3.6).
Since the first two parameters (L and α) are independent from the reduction procedure, we tuned them on a simplified version of TSGR-MBBP without the graph reduction procedure (i.e., by disabling lines 10-20 in Algorithm 1). We used the automatic parameter configuration package iRace (López-Ibánez et al., 2011), which implements the Iterated F-Race (IFR) method. Given L ∈ {10, 100, 1000, 5000, 10000}, and α ∈ [0, 2], for each parameter configuration, we used a tuning budget of 500 hook-runs, each of which representing 10 independent calls of TSGR-MBBP. The training set for random graphs included 6 challenging instances, i.e., GraphU 500 XXX 1.clq and GraphU 500 XXX 2.clq (XXX can be replaced by 0.95, 0.90, 0.85). The experiments suggested that the combination (L = 1000, α = 0.30) was a suitable configuration for random graphs. As for KONECT graphs, the training set included "actor-movie", "bookcrossing full-rating", "dbpedia-genre", "dbpediateam", "github", "stackexchange-stackoverflow". The final choice of parameters was L = 100 and α = 1.74.
The use of two different settings for (L, α) is mainly due to the graph structures which vary much. According to our observations, for random dense graphs, a more intensified search is needed to find quality solutions. This is achieved with a large tabu search depth (L = 1000) and a short tabu tenure (with α = 0.30). On the contrary, for large real-life sparse instances, the tabu search component is able to reach local optima very quickly. As a result, it is preferable to restart more frequently the tabu search component (with L = 100) and diversify more strongly the search during the optimization process (using a larger tabu tenure with α = 1.74).
The third parameter K indicates the largest subgraph that can be solved in reasonable time by the exact algorithm described in Section 3.6. We set K = 100 for random graphs and 500 for KONECT graphs. In effect, since the random graphs we tested are very dense, they cannot be reduced by the reduction procedure, implying that no connected subgraph with less than 100 vertices exists in this set of benchmarks. A very large K is not acceptable, otherwise the computing time for exact search becomes prohibitive according to our observations for random graphs. Preliminary experiments also confirmed that the time consumption was normally insignificant (less than 2 seconds) for connected subgraphs with less than 500 vertices for sparse KONECT graphs. As the vertex number is just a rough estimation of the hardness of the subgraph for our exact algorithm, we terminate the exact algorithm if it does not finish during 10 seconds. This additional cutting-off condition prevents the algorithm from spending too much effort in searching optimal solutions for some potential hard subgraphs. If the exact search stops without giving an optimal solution, the corresponding subgraph will not be removed.
TSGR-MBBP was implemented in C++ and compiled with g++ v4.4.7 with optimization flag -o3. Our experiments were performed on a computer with an AMD Opteron 4184 processor (2.8GHz and 2GB RAM) running Linux 2.6.32. When solving the DIMACS machine benchmark procedure 'dfmax.c' 1 without compilation optimization flag, the run time on our machine is 0.40, 2.50 and 9.55 seconds for graphs r300.5, r400.5 and r500.5 respectively.
Considering the stochastic nature of TSGR-MBBP, we ran TSGR-MBBP 20 independent times to solve each instance. For the random graphs of 250 vertices, the time limit of each run was 30 seconds, while for the random graphs of 500 vertices, 60 seconds were allowed. As for the KONECT instances, we prolong this limitation to 360 seconds (6 minutes) since these instances are much larger than the random graphs.
Computational results 4.3.1. Random graphs
To evaluate the performance of TSGR-MBBP, we show computational results relative to three state-of-the-art MBBP approaches:
-EA/SM (Yuan et al., 2015) : This is a hybrid algorithm mixing local search, structure mutation and repair-assisted restart. EA/SM is the most recent heuristic algorithm and outperforms the precedent algorithms like in (Yuan & Li, 2011 . For our comparative experiment, we ran 20 times the source code of EA/SM (provided by its authors) to solve each instance, each run being limited to 200,000 fitness evaluations according to (Yuan et al., 2015) . We observed that to attain its best solutions, EA/SM needed a run time ranging from 42 to 50 seconds for instances of 250 vertices and 75 to 94 seconds for instances of 500 vertices (see Table  1 ). Consequently, the stopping condition of EA/SM can be considered to be more favorable than that used to run our algorithm (a cut off time of 30 seconds for instances of 250 vertices and and 60 seconds for instances of 500 vertices).
-IBM CPLEX: CPLEX is one of the most popular commercial optimization software. We ran CPLEX (version 12.6.1) 2 hours (7200 seconds) on each instance with the binary linear formulation provided in Section 1. Obviously, the total time given to TSGR-MBBP for 20 runs (60*20 = 1200 seconds for the random instances and 360*20 = 7200 seconds for the KONECT instances) is no more than 2 hours.
-AL Greedy (Yamani et al., 2007) . This is a (fast) greedy algorithm which solves the equivalent maximum balanced independent set problem for the bipartite complement. According to (Yuan et al., 2015) , this algorithm performs better than its earlier version presented in (Tahoori, 2006) . Thus, we re-implemented this algorithm and used it for our comparative study. Since AL Greedy is a deterministic heuristic, only one run was needed to solve each instance. Moreover, AL Greedy stops once its construction procedure reaches its end. Thus, no explicit stopping condition is required. Table 1 reports the computational results of TSGR-MBBP together with the results of the reference approaches (EA/SM, CPLEX and AL Greedy) on the 30 random dense graphs. Column "instance" shows the name of each instance. Column "BKV" presents the best known values reported in (Yuan et al., 2015) . For TSGR-MBBP and EA/SM, column "best(ave)" indicates the maximum value of the 20 best balanced sizes found in 20 runs, the average size is given between parentheses if the 20 runs do not lead to an identical balanced size; column "time" reports the average time (in seconds) of first hitting the best balanced size in 20 runs; column "reduce" (only for TSGR-MBBP) reports the number of vertices removed by the two reduction methods in one of the runs where we find the best balanced size. For CPLEX, we report the best lower bounds and the time needed to complete the search. If CPLEX fails to report a feasible solution for an instance due to memory limitation, "-" is used in the corresponding entries of columns "best" and "time". For AL Greedy, since its run time is negligible (shorter than 0.01 second for all instances), we only report the best biclique values.
From Table 1 , we first observe that in terms of solution quality, TSGR-MBBP competes very favorably with the reference approaches. In particular, TSGR-MBBP improves the best-known results reported in (Yuan et al., 2015) for 10 instances (marked in bold font). For the 20 remaining instances, the best objective values found by TSGR-MBBP are always as good as or better than those of the reference algorithms. The average objective values of the 20 runs of TSGR-MBBP are also better than that of EA/SM. Moreover, the performance of TSGR-MBBP is quite stable across the whole set of tested instances. In terms of computational efficiency, TSGR-MBBP is very competitive -it hits its best result within no more than one and 22 seconds for the instances of 250 and 500 vertices respectively, against up to 50 and 94 seconds for the best reference algorithm EA/SM. As for CPLEX, it cannot complete its search within a duration of 2 hours and thus fails to find the optimal solution for any instance (still CPLEX finds some solutions better than those of AL Greedy). Unsurprisingly, the greedy algorithm AL Greedy leads to solutions of very poor quality. Finally, as expected, neither reduction method is successful on these very dense graphs as the degree of any vertex is much larger than the best balanced size. For example, the vertex degree of "G 500 0.85 X" is closely around 425 while the optimal balanced size is estimated to be between 39 and 76 by the theorem given in (Dawande et al., 2001) . However, as we show in the next section, the reduction procedure becomes extremely effective when large sparse graphs are considered.
KONECT networks
We report in Table 2 the computational results of TSGR-MBBP and CPLEX on the set of 25 KONECT instances. For this study, we ignore EA/SM and AL Greedy since the EA/SM code cannot be run on these graphs (EA/SM imposes the input graph to be balanced, which is not the case for KONECT instances), while AL Greedy performs very poorly (see Table 1 ). Columns "name", "(|U |, |V |)", "|E|" show the basic information of the original instances. For TSGR-MBBP, columns "best(ave)" and "time" report the same information as in Table 1 . Columns "red 1" and "red 2" indicate the total number of vertices that are removed from the original graph by the two reduction methods (the P eel procedure and the exact search procedure) in one of the runs where we find the best balanced size. To enable CPLEX to load large graphs, each original graph was pre-reduced by applying P eel(G, best) before starting CPLEX. Column "(|U ′ |, |V ′ |)" reports the number of vertices after applying P eel(G, best) while columns "best" and "time" report the best balanced size reached as well as the total consumed time. Symbol "*" indicates that the solution has been proven to be optimal by the corresponding algorithm, while symbol "-" means that the initial (and P eel pre-reduced) graph cannot be loaded into CPLEX.
As explained in Section 3.2, when either of the two vertex sets of the current bipartite graph contains less than ω (the best balanced size found so far) vertices, ω is proven to be the optimal maximum balanced size. From Table 2 , we observe that TSGR-MBBP proves optimality for 14 out of the 25 instances (indicated by "*"), even though these real-world instances are significantly larger than the random instances. Also, TSGR-MBBP achieves the same best balanced size in all 20 runs for all but 5 instances (whose average objective values are reported in the table). Observing the number of vertices that has been reduced, we find that the first reduction method (the P eel method) prunes more than half or even all of the vertices during the search procedure. As for the second reduction method (which is based on exact search), though the vertices removed by this method are fewer than the first method, we cannot neglect its significance. For 5 instances "bibsonomy-2ui","dpedia-genre","dbpedia-starring", "moreno crime" and "wiki-en-cat", the P eel procedure fails to reduce these graphs to small enough subgraphs such that optimality can be proven (one vertex set of the subgraph includes fewer than ω vertices, see column "(|U ′ |, |V ′ |)"), TSGR-MBBP directly finds the optimal solution for the resulting subgraphs with less than K vertices. The CPLEX solver, unfortunately, is unable to load some of these massive graphs even after reducing these graphs significantly by applying P eel(G, best) in the pre-processing step. For instances for which CPLEX finds a feasible solution, like "discogs style", "edit-frwiktionary", "stackexchange-stackoverflow" and "youtube-groupmemberships", the results are still worse than those achieved by TSGR-MBBP. Besides, CPLEX always requires a longer time than TSGR-MBBP to attain the best solution.
Analysis
This section presents an empirical analysis of the restricted unbalance constraint related to the Constraint-Based Tabu Search procedure (Section 3.4) and the merit of the graph reduction procedure (Section 3.5).
Unbalance constraint of Constraint-Based Tabu Search
The Constraint-Based Tabu Search procedure (Algorithm 1, line 6) is one key component of the proposed TSGR-MBBP algorithm. One of the main features of CBTS is that while unbalanced bicliques are allowed, the balance deviation of the explored bicliques must be no more than 2 (see Sections 2 and 3.4) (this constraint is called unbalance constraint). To justify this specific unbalance constraint, we compare CBTS with two CBTS versions with different unbalance constraints. The first version (called "CBTS Ω ∞ ") removes the unbalance constraint and allows the procedure to visit any bicliques (lines 15-23 are removed from Algorithm 2). The second version (named as "CBTS Ω 1 ") introduces a more restrictive unbalance constraint -the balance deviation is required to be no more than 1 after each iteration (i.e., change the repairing condition in line 15 to |X| − |Y | > 1). We also used "CBTS Ω 2 " to denote the original CBTS procedure. As such, these three CBTS versions correspond to three restart algorithms searching within the solution spaces Ω 2 , Ω ∞ , and Ω 1 respectively. Note that the version with absolute balanced constraint is not considered. In effect, if we repair the solution whenever |X| − |Y | = 0, the current solution can never be improved because the "push" operator only imports one vertex to one vertex set in each iteration. For this study, we used 13 instances selected from the two benchmark sets. We ran each CBTS version 20 trials to solve each instance under the same configuration mentioned in Section 4.2. Each trial was given a time limit of 60 seconds. The comparative results of this study are summarized in Table 3 . We denote one restart of CBTS as one iteration here (one 'while' loop, lines 10-20 in Algorithm 1). Column "best(ave)" indicates the best and average balanced biclique size found by each algorithm over 20 runs. Column "time" reports the average time to achieve the best balanced biclique size in all 20 runs. Column "iter" reports the average number of restarts for 20 runs.
As for the solution quality, the original Constraint-Based Tabu Search (CBTS Ω 2 ) procedure dominates the other variants both in terms of best and average values. CBTS Ω 2 also performs the best concerning the average time of attaining the best solution for random graphs. As for the total number of iterations (column "iter"), CBTS Ω ∞ restarts more often than CBTS Ω 2 which on the other hand restarts more often than CBTS Ω 1 . Obviously, a tighter unbalance constraint leads to more frequent calls to the repair procedure, thus less iterations under the same time limitation. Meanwhile, the results suggest that the strategy of incorporating unbalance constraint is a good trade-off between solution quality and number of iterations.
Effectiveness of reduction methods
To gain a comprehensive understanding of the run-time behavior and efficiency of the two reduction methods, we show in this section an analysis of the convergence rate of three variants of the TSGR-MBBP algorithm:
• No Reduction: The reduction procedure is disabled, i.e., lines 10-18 are removed from Algorithm 1. i.e., lines 12-18 are removed from Algorithm 1.
• Reduction 1&2: Both reduction methods are used, i.e., the original TSGR-MBBP algorithm.
The variant with only the second reduction is not considered as the exact search will never be triggered without the P eel procedure.
This study was based on 6 KONECT instances, "dblp-author", "dbpediagenre", "dbpedia-team", "discog style", "edit-frwikitionary" and "wiki-en-cat" which are large enough with different levels of difficulty for TSGR-MBBP (the difficulty is estimated by the time consumption of TSGR-MBBP in Table 2 ). We ran each algorithm variant 20 times to solve each instance with a time limit of 6 minutes per run. Again, we denote one restart of CBTS as one iteration. Figure 2 reports the relation between the number of iterations and the average best balanced size reached by each variant in 20 runs (abbreviated as 'average size'). Considering the two variants with reduction can stop before reaching the time limit when the optimum is proven, we assume that the best size after termination is constantly the optimal size in this case.
According to Figure 2 , in terms of the average result after the same number of iterations, the two variants using reduction always dominate the variant without reduction. Actually, "No Reduction" converges so slowly that it even has difficulties in reaching half of the best-known size in the given time limit. Comparing "Reduction 1" and "Reduction 1&2", for "dblp-author", "dbpediagenre", "dbpedia-team", "edit fiwikitionaryand" and "wiki-en-cat", "Reduction 1&2" always discovers solutions of high quality earlier. In particular, for two instances, "dblp-author" and "wiki-en-cat", "Reduction 1&2" reaches the optimal solution in the very first iteration. This is because for these graphs, the exact algorithm discovered the optimal solution in some of the connected subgraphs at the beginning of the search, which in turn enabled the peel procedure to prune the graph to trivial size and thus proves the global optimality. Nevertheless, for "discogs style", "Reduction 1&2" and "Reduction 1" perform similarly. We also notice that the curves of "Reduction 1" and "Reduction 1&2" meet sooner or later for all the instances. In a nutshell, the convergence rate is highly related to the instance under consideration, but in any case, both reduction methods accelerate the search procedure.
Conclusions and perspectives
The Maximum Balanced Biclique Problem is of great interest both theoretically and practically. We have presented an original tabu search combined with two dedicated graph reduction techniques for solving MBBP approximately. The proposed TSGR-MBBP algorithm is driven by a Constraint-Based Tabu Search (CBTS) procedure to retrieve high quality solutions from the current graph. CBTS employs the "push" operator to explore relaxed search space including both balanced and unbalanced bicliques and imposes a specific unbalance constraint on explored solutions. Moreover, each time the lower bound is updated by CBTS, two reduction rules are used to prune the graph, which leads to a reduced search space for the following iterations. Specifically, the first reduction rule is based on removing unpromising vertices according to their degrees, while the second reduction rule removes small subgraphs using an exact search procedure.
The TSGR-MBBP algorithm has been assessed on two benchmark sets: 30 random dense instances and 25 real-life large instances from the KONECT collection. For the random instances, TSGR-MBBP dominates existing state-ofthe-art approaches EA/SM (Yuan et al., 2015) , GL Greedy (Yamani et al., 2007) and CPLEX (version 12.6 .1). Besides, new improved solutions (new lower bounds) were found by TSGR-MBBP for 10 out of the 30 instances. For the KONECT instances, TSGR-MBBP proved optimal solutions for 14 instances for the first time and found high quality solutions for the other instances. Experiments have also indicated that TSGR-MBBP performs better than CPLEX both in terms of solution quality and computational time. Besides, we have also noticed that the two reduction methods are able to prune a significant number of vertices for large sparse graphs. Additional experiments have demonstrated the effectiveness of the adopted unbalance constraint used by tabu search and confirmed that the combination of two reduction methods significantly accelerates the convergence of the search procedure.
This study can be extended in several directions. First, we only investigated two typical cases of the general "push" operator which correspond to the "add" and "swap" moves. It would be interesting to study other customized moves based on the "push" operator. Second, as shown in our literature review, there are few exact algorithms for MBBP. It would be useful to design more elaborated exact algorithms. For this purpose, the exact algorithm introduced in this work (for the purpose of graph reduction) could be served as a base version for further improvement. It is also appealing to adapt more advanced exact clique algorithms like (Pattabiraman et al., 2013; Segundo et al., 2016) to MBBP. Finally, given the effectiveness of the reduction techniques on large-scale instances for MBBP, it would be interesting to investigate similar techniques in the context of other clique related problems like the maximum clique problem Wu & Hao (2015b) and the maximum k-plex problem (Balasundaram et al., 2011) The exact algorithm (Algorithm 3 and Proc. 4) used in TSGR-MBBP is adapted from the classical B&B algorithm for the maximum clique problem Carraghan & Pardalos (1990) . Instead of starting from the trivial lower bound 0, our exact algorithm receives an initial lower bound ω (Algorithm 3, line 2), which is the best balanced size ever found in TSGR-MBBP. (X * , Y * ), the best biclique found by the exact algorithm, is initialized as a tuple of two empty sets (Algorithm 3, line 3). If there is no solution better than ω in the current subgraph, (X * , Y * ) remains empty even after the exact search. In such a case, the real optimal solution is discarded as we are only interested in solutions better than ω. The exact algorithm calls a recursive procedure bbexpand (Proc. 4) to start the branch and bound search.
Unlike the original algorithm in Carraghan & Pardalos (1990) , which only builds one set that forms a clique, the bbexpand procedure alternatively builds two sets A and B (|A| = |B| or |A| + 1 = |B| ) such that A and B form a biclique. Sets C A and C B contain the candidate vertices that may be added to A and B respectively, i.e., (C A = i∈B N (i) and C B = i∈A N (i)). Each invocation of bbexpand recursively traversals the feasible bicliques containing A and B with all possible combinations of C A and C B examined. The procedure works as follow:
Firstly, if candidate set C A is empty, bbexpand tries to update the current lower bound lb (lines 1-5, Proc. 4). As the cardinality of set A is equal to or one less than that of B in the input of bbexpand, |A| is always the balanced size of biclique (A, B) (or (B, A)). Then, if C A is not empty, bbexpand enters a while loop (lines 6-14) , where in each iteration, a vertex i with minimum index is picked from C A (lines 9-10) to form a new solution with A ∪ {i} and B while removing i from C A at the same time. In the end of the iteration, bbexpand is recursively called to enumerate all the feasible bicliques with the new sets of solution and new candidate sets (C A and C B ∩ N (i)). Note that the roles of A and B as well as C A and C B in the next level of recursive call (lines 11-14) are exchanged. This is because that, to meet the balance constraint, the biclique is built by alternatively introducing a vertex from U and V . The if part in lines 7-8 prunes the unnecessary expanding since, when |A| + |C A | is smaller than the current lower bound, there is no possibility to discover a better solution based on the given solution and candidate sets. This simple rule of pruning unnecessary enumeration is similar to the one used in Carraghan & Pardalos 
